We demonstrate the applicability of extended cluster expansion technique, GICE, to calculation of a potential energy surface (PES) at discrete position in terms of atomic arrangement with an example of Cu and Cu-Ti binary system on fcc lattice. We find that the proposed CE successfully predicts total energy within error of 0.5 meV/atom for Cu and 1.2 meV/atom for Cu-Ti with respect to DFT calculation, which indicates that this method can model the PES and possesses potential to formulate physical properties in terms of atomic arrangement.
Introduction
Potential Energy Surface (PES) is a relationship between the energy of given structures and its atomic position, which plays a crucial role in the description of such as deformation of materials or searching stable structure of the system. To model the PES of alloy by theoretical calculation, various methods are proposed. Embedded atom potential 1, 2) or bondorder potential, 35) which are called empirical potential, are typically employed. For instance, the method that is based on the combination of first-principles calculations and embedded atom potential is widely used for calculating observables, such as the lattice constant of the metal, elastic constants, and the phonon dispersion relation. 6, 7) However, through the method based on the empirical potential, the system that can be handled is limited from the viewpoint of calculation accuracy. In recent years, a modelling technique of PES based on neural network without using experimental data has been developed, which is applied to calculation of the energy and forces for bulk silicon. 8) While the method based on neural network can predict PES with high accuracy, it has essential difficulty in giving physical interpretation. Furthermore, there are not generalized methods that can be applied to multicomponent systems. A generalized method of modeling PES with high accuracy and physical interpretation should therefore be highly required. In this study, we approach modeling PES for multicomponent systems from a perspective which can clarify the relationship between energies and atomic position.
Cluster expansion (CE) technique 9) is one of the most promising approach to describe any properties of atomic arrangement and it can calculate the configurational energy with high accuracy and efficiency, and there are a number of application to alloy. 1012) However, the CE Hamiltonian should essentially depend on a single given lattice, leading to the fact that the current CE cannot model the PES and should be modified to represent the energy for various structures comprehensively. Recently, we developed extended CE, Grid increment CE, 13) which can describe a variety of atomic arrangement. In the previous study, 13) the fcc and bcc lattices are described by a combination of lattice points that are occupied by atomic elements and virtual vacancies and a number of lattices other than fcc or bcc can also be produced. In this study, by using the extended CE with DFT calculation, we treat the system with atomic displacements confined on fcc lattice as the beginning of application to modeling PES.
Methodology
CE is the method to model the configurational energy with high accuracy and efficiency because it use complete orthonormal basis function. The basic idea of the CE method is that any physical quantity f that is related to atomic configuration can be expanded as the sum of terms which involves the series of correlation functions. Let us consider the system with N lattice points for component R. · i is a variable which specifies the occupation of lattice point i and
where µ(· i ) is complete orthonormal basis function at lattice point i and it is obtained by applying Gram-schmidt technique to the linearly independent polynominal set ð1;
Þ. ¡ denotes a cluster included in the structure, d n is the index of basis function µ(· i ) and M is the set of index. V M ¡ is expansion coefficient, which is called effective cluster interaction (ECI).
In conventional CE, the Hamiltonian should essentially depend on a single given lattice. This means that the current CE cannot treat the multiple structures simultaneously. We therefore develop Grid-increment cluster expansion (GICE) that can overcome the above problem. GICE introduces virtual vacancy sites to describe the atomic positions for a variety of lattices and multiple lattices can be described by a combination of lattice points that are occupied by atomic elements and virtual vacancies. In this study, GICE is applied to estimating the energy for Cu and Cu-Ti binary alloy system with atomic displacement on fcc lattice. We define the + Graduate Student, Kyoto University Materials Transactions, Vol. 56, No. 7 (2015) pp. 1077 to 1080 © 2015 The Japan Institute of Metals and Materials GICE lattice and describe the structures which has atomic displacements as shown in Fig. 1 . In the defined GICE lattice, the fcc lattice is described by a combination of lattice points that are occupied by atomic elements and virtual vacancies as illustrated. With introducing GICE lattice and arranging atomic elements and vacancies, we can treat the system with displacements in a similar fashion to the framework of conventional CE. Note that since atomic displacements are confined to the defined GICE lattice points, displacements we can treat take discrete values and we modeled potential energy surface corresponding to added grid points in this study.
In the case of Cu, GICE lattice includes Cu and vacancy. The occupation of lattice point by each element is defined by spin-like variables · ¼ þ1; À1 respectively. The complete and orthonormal basis functions on the present GICE lattice can then be obtained by applying the basis functions µ 0 , µ 1 in eq. (3):
On the other hand, in the case of Cu-Ti binary alloy, the GICE treats configuration functions in terms of a ternary system. Therefore, the occupation of lattice point by Cu, Ti, and vacancy is defined by · ¼ þ1; À1; 0, leading to the basis function of (4):
For multicomponent system which includes more than two elements, it should be considered the combination of the indices of basis functions. When we treat binary alloy system in GICE, we regard the system as ternary including virtual vacancies.
In order to obtain ECIs in the present system, we employ first-principles calculations using a DFT code, the Vienna Ab-initio Simulation Package (VASP), 15, 16) to obtain the total energies for structures including atomic displacements in Cu-Ti alloys, which are least-square fitted to the GICE Hamiltonian. The calculation of total energy is carried out for fcc unit cell with atomic displacements. For Cu-Ti binary system, we calculate energies for the structures with their composition x Cu = 0.5 in this study. From practical point of view, there should be a limitation to the number of clusters that are used for the expansion due to the limitation of the number of DFT input structures. In the present case of Cu-Ti binary alloys, we select optimal clusters and structures for GICE. Cluster and structure selection for GICE can be performed in a similar fashion to that for conventional CE when the GICE lattice is defined. We select an optimal set of the GICE clusters based on a genetic algorithm 10) in order to minimize the uncertainty of energies predicted by the ECIs, which is called a cross-validation (CV) score.
1719) Allelectron Kohn-Sham equations are solved by employing the projector augmented-wave (PAW) method 20, 21) within the generalized gradient approximation (GGA) of PBE form to the exchange-correlation functional.
22) The plane-wave cutoff energy is set at 500 eV 23) throughout the present calculations. Brillouin zone sampling is performed on the basis of the Monkhorst Pack scheme 24) with a 16 © 16 © 16 k-point meshand smearing parameter is 0.25 eV. The predictive error for energy is evaluated by root means square error (RMSE).
Results and Discussion

Cu
Hereinafter, we define the difference between the lowest total energy calculated by DFT and energies of other structures as energy. In total, 221 DFT energies are calculated as input set. The structures whose energies are lower than 0.08 eV/atom are used for optimizing ECI. ECIs are selected up to triplet cluster. Following the procedure described above, we determine 33 GICE clusters including one empty, 18 pair, 14 triplet clusters. ECIs are shown in Fig. 2 and some selected clusters are illustrated in Fig. 3 .
These clusters give CV score of 0.4 meV/atom, which is sufficiently accurate to express relative energies for the structures. The RMSE is about 0.4 meV/atom for the optimization set and 0.5 meV/atom for the test set (Fig. 4) . This results indicate that the present method has highly predictive accuracy for the energies of metals. As shown in Fig. 3 , first nearest-neighbor pair cluster is contained in selected cluster. ECI of first nearest neighbor pair cluster exhibits a large positive value compared with other clusters' ECI, indicating that it is energetically unfavorable to form Cu-Cu or vacancy-vacancy clusters in the closest distance. The longest interatomic distance in selected pair cluster is 0.285 nm. Therefore, using short-range clusters, the energy of Fig. 1 Schematic illustration of defined GICE lattice with atomic displacement from fcc lattice point. Black spheres denote virtual vacancies and gray spheres denote Cu(Ti) atoms in the defined lattice. Cubes which have 3 © 3 © 3 points are put into fcc lattice points and atomic displacements from fcc lattice points can be represented. Interval between points is set at 0.01 nm. the structure which include atomic displacement can be expanded by this method.
Cu-Ti binary alloy
In total, 2209 DFT energies were calculated as input set. As in the case of Cu, the structures whose energies are lower than 0.08 eV/atom were used for optimizing. Following the procedure described above, we determine 117 GICE clusters including one empty, 8 pair, 108 triplet clusters. The corresponding ECIs are obtained according to the procedure in Section 2. They are shown in Fig. 5 except empty cluster.
The RMSE of the optimization set is 1.0 meV/atom (Fig. 6  left) and 1.2 meV/atom for the test set (Fig. 6 right) . The energy of the structure that is not included input set can also be predicted and the accuracy is the same level as Cu. Considered with estimating a force acting on atom, this degree of accuracy is not sufficient. However, taking the limitation of DFT calculation accuracy into consideration, it is believed that the method based on this extended CE shows high predictive ability. As show in Fig. 4 and Fig. 6 , the energies of the structure that a number of atoms are displaced are also calculated with high accuracy. It is noted that the accuracy of prediction is depends on the set of clusters used in expansion and this method probably has the predictability of energies of structures with similar precision when interval between lattice points is changed. In this study, we applied GICE to modeling PES of Cu-based binary alloy with single composition on fcc lattice. CE can treat the system with different compositions, therefore GICE can be applied to assessing the energetics of the system that has variety of structures with multiple compositions such as intermetallic compounds comprehensively. Moreover, GICE is extended in a similar fashion to conventional CE. Therefore, physical properties which can be treated in the framework of conventional CE, such as density of states, can also be treated by this method.
Conclusion
In this study, we apply the extended CE technique, GICE, with DFT to calculate PES with an example of Cu and Cu-Ti binary alloy system. We find that the proposed CE successfully predicts total energy within error of 0.5 meV/ atom for Cu and 1.2 meV/atom for Cu-Ti with respect to DFT calculation. a = 3.62 Å Fig. 3 First nearest-neighbor pair cluster and a cluster that has the longest interatomic distance in the selected pair clusters for Cu. Lattice constant is set at 0.362 nm and interatomic distance of shown clusters is 0.01 and 0.285 nm respectively.
(a) (b) Fig. 4 The comparison of total energy for Cu obtained through DFT calculation and predicted by the proposed CE (a) for optimization set (b) for the test set. (a) (b) Fig. 6 The comparison of total energy for Cu-Ti binary alloy system obtained through DFT calculation and predicted by the proposed CE (a) for optimization set (b) for the test set.
